After the significant discovery of the hole-doped nickelate compound Nd0.8Sr0.2NiO2, an analysis of the electronic structure, orbital components, Fermi surfaces and band topology could be helpful to understand the mechanism of its superconductivity. Based on the first-principles calculations, we find that Ni 3d x 2 −y 2 states contribute the largest Fermi surface. Ln 5d 3z 2 −r 2 states form an electron pocket at Γ, while 5dxy states form a relatively bigger pocket at A. These Fermi surfaces and symmetries can be reproduced by our two-band model, which consists of two elementary band representations: B1g@1a ⊕ A1g@1b. By hole doping, a hole pocket originating from Ni 3dxy orbital can be introduced, which may be related to the observed sign change of Hall coefficient. We find that there is a band inversion happened at A, which can be affected by the value of Coulomb interaction U in the calculations. With small U and spin-orbital coupling, it gives rise to a pair of Dirac points along A-M. By introducing an additional Ni 3dxy orbital, the hole-pocket band and the possible band inversion can be captured in the modified model. Besides, the nontrivial band topology in the ferromagnetic two-layer compound La3Ni2O6 is discussed and the band inversion is associated with Ni 3d x 2 −y 2 and La 5dxy orbitals.
INTRODUCTION
After the high-T c superconductivity was discovered in the cuprates [1, 2] , search for their analogues in niclelates has been attracting lots of attention due to the similar configuration close to the cuprates [3] . In particular, the configuration of Ni + valence in the infinite-layer nickelates LnNiO 2 (Ln=La, Nd, Pr) is almost the same to that of Cu ++ valence in cuprates. Very recently, the superconductivity with T c = 9 ∼ 15K has been discovered in a hole-doped Nd 0.8 Sr 0.2 NiO 2 for the first time [4] . There are several experimental reports on the parent compound NdNiO 2 . First, no magnetism is observed experimentally [5, 6] , while an antiferromagnetic ordering state is the ground state in the cuprates [7] . Second, the parent compound NdNiO2 exhibits a metallic behavior above 50 K [4] , while the parent cuprates are Mott insulators [8] . Third, the superconductivity (so far) is only found in the hole-doped Nd 0.8 Sr 0.2 NiO 2 , while it is found in the electron-doped cuprate Sr 1−x La x CuO 2 in the same structure [9] . The experimental facts indicate that the ground state of the parent nickelates could have significant difference from the cuprates. The analysis of their electronic band structures, orbital components, Fermi surfaces, and the band topology are wanted. In addition, a minimal-band effective model is very helpful to further understand the mechanism of their superconductivity.
In this work, we have performed detailed firstprinciples calculations within the framework of density functional theory (DFT). The obtained band structure of the parent(un-doped) compound NdNiO 2 is similar to that of LaNiO 2 reported previously [10] and PrNiO2 (Nd 4f and Pr 4f orbitals are treated as core states.). In this article, LaNiO 2 are used as a representative and the band structure compared with NdNiO 2 and PrNiO 2 are presented in the Supplemental Material (SM). In the undoped case, there are three bands intersecting the Fermi level (E F ), mainly from Ni 3d x 2 −y 2 , La 5d xy and La 5d 3z 2 −r 2 orbitals. They form a large cylinder-like electron pocket (EP) surrounding the Γ − Z line, a spherelike EP at A, and a comparatively smaller sphere-like EP at Γ, respectively. These Fermi surfaces and symmetries can be reproduced by our two-band model, which consists of two elementary band representations (EBRs): B 1g @1a ⊕ A 1g @1b. The EBR of B 1g @1a refers to the 3d x 2 −y 2 orbital at Wyckoff site 1a, while the EBR of A 1g @1b refers to the A 1g orbital at Weykoff site 1b, where no atoms sit.
In the hole-doped case, the small EP at Γ is removed, while an other hole pocket (HP) is growing at A, which is mainly from Ni 3d xy orbital. This HP may be responsible to the sign change of Hall coefficient in the experiment [4] . We find that there is a band inversion happened at A, which can be affected by the value of Coulomb interaction U in the calculations. With small U and spin-orbital coupling, it gives rise to a pair of Dirac points along A-M, which are slightly below the charge neutrality level and accessible by hole doping. By introducing an additional Ni 3d xy orbital, the hole-pocket band and the possible band inversion can be captured in the modified model. Besides, the nontrivial band topology in the ferromagnetic two-layer compound La 3 Ni 2 O 6 is discussed and the band inversion is associated with Ni 3d x 2 −y 2 and La 5d xy orbitals. 
CRYSTAL STRUCTURE AND METHODOLOGY
The crystal of the parent compound LaNiO 2 can be formed from the perovskites by removing the apical oxygens, as shown in Fig. 1(a) . Consequently, it has a tetragonal lattice, and has the same planes as the cuprate superconductors with Ni + instead of Cu ++ ions. Similarly, the crystal of two-layer nickelate La 3 Ni 2 O 6 [in Fig. 1(b) ] can be easily generated [11] from the two-layer perovskite La 3 Ni 2 O 7 . We performed the first-principles calculations with VASP package [12, 13] based on the density functional theory with the projector augmented wave (PAW) method [14, 15] . The generalized gradient approximation (GGA) with exchange-correlation functional of Perdew, Burke and Ernzerhof (PBE) for the exchange-correlation functional [16] were employed. The kinetic energy cutoff was set to 400 eV for the plane wave basis. A 10×10 ×10 k-mesh in self-consistent process for Brillouin zone (BZ) sampling was adopted. The lattice parameters of LaNiO 2 and La 3 Ni 2 O 6 are used as reported in Refs. [4] and [11] , respectively.
RESULTS AND DISCUSSIONS band structure and Density of states
We have first performed the first-principles calculations on LaNiO 2 without spin-orbital coupling (SOC). The band structure without SOC is presented in Fig. 2(a) and the total density of states (DOS) is plotted accordingly. The black-dashed horizontal line corresponds to the charge neutrality level of the un-doped compound LaNiO 2 . Based on the calculated total DOS in Fig. 2(b) , the red-colored solid line is the theoretically estimated chemical potential for the 20% hole-doped superconductivity case. Moreover, the partial DOSs are also computed for O 2p, Ni 3d, and La 5d orbitals, respectively. Since the orbitals from different atoms are distinct, we call them 2p, 3d, and 5d orbitals (states) for short in the following discussion. From the plotted partial DOS in Fig. 2(c) , we have noticed that that 2p states are mainly located from −10 to −3.5 eV below E F , while 3d states are very close to E F , from −3.5eV and 1.5 eV. The situation is much different from the situation in copper-based superconductors, where O 2p states are right below E F and hybridize strongly with Cu 3d states [10] . In addition, from the orbital-weighted fat bands in Fig.2(a) , we notice that there are 5d 3z 2 −r 2 states at Γ and 5d xy states at A around E F , suggesting that the 5d states are more extended, compared to Ca 3d states in CaCuO 2 .
Evolution of Fermi surfaces
At the charge neutrality level, we find that there are mainly three orbitals intersecting the Fermi level, which are 3d x 2 −y 2 , 5d z 2 and 5d xy orbitals. We have plotted the weights of these orbitals on the obtained band structure, as shown in Fig. 2(a) . As thus, three EPs are formed: i) (1) M1+ (1) Z4+ (1) R4+ (1) X1+ (1) bands A1+(1) GM4+ (1) M4+ (1) Z5+ (2) R1+ (1) X4+ (1) A5+ (2) GM5+ (2) M5+ (2) R2+ (1) X2+ (1) Z1+ (1) R3+ (1) X3+ (1) ; ; ; ; ; ; A4+(1) GM2+ (1) Z2+ (1) R1+ (1) X1+ (1) 
3d x 2 −y 2 orbital forms the largest electron pocket around the Γ and Z points, which has a strong 2D feature; ii) the second larger one is nearly a sphere around A, formed by 5d xy orbital; iii) the smallest one is a sphere around Γ, formed by 5d 3z 2 −r 2 orbital (which is also hybridized with Ni 3d 3z 2 −r 2 orbital in the DFT calculations, yet we still call it 5d 3z 2 −r 2 for simplicity). Since the superconductivity is actually discovered in the hole doped Nd 0.8 Sr 0.2 NiO 2 , we also investigate the Fermi surface of the 20% Sr-doped level [the red-colored solid line in Fig. 2(a) ]. Needless to say that, all the electron pockets become smaller. Beside, two significant features are observed after hole doping: one is that the 5d 3z 2 −r 2 -orbital-formed EP is removed from Γ; the other is that a HP is growing from A point, which is mainly from the 3d xy orbital. The hole band can be clear seen in the plotted band structure in Fig. 2(a) , especially along R-A-Z and M-A lines.
Band inversion and Dirac points
The obvious band inversion at A forms band crossing along Z-R, R-A, M-A without SOC, protected by m 110 , m 001 and C 4z , respectively. After considering the SOC, the band crossing open small gaps along the mirror protected R-A and A-Z, but remains gapless along the C 4z -invariant line M-A, as shown in Fig. 3(a) . The gapless Dirac points along M-A [in the red circle in Fig. 3(a) ] are protected by the C 4v symmetry. Namely, the two doubly-degenerate bands belong to different 2D irreps of C 4v double group. In our calculations, we find that the Dirac points are not stable under the increasing of Coulomb interaction U , as we have shown in the SM.
Analysis of EBRs and Orbitals
By doing the analysis of the elementary band representations (EBR) in the theory of topological quantum chemistry [17] , one can easily obtain the orbital information in the real space. An EBR of ρ@q is labeled by the Wyckoff poisity q and the irrep ρ of its site symmetry group. For this purpose, the irreducible representations (irreps) at maximal high-symmetry points [18] are computed and listed in Table. I for the lowest six bands in Fig. 2 
, and E g (d xz,yz ) under the site symmetry group 4/mmm.
The results of the EBR analysis on the atomic orbitals are addressed as follows. First, by switching the irreps of A3− and A4+ at A, we can find that the four occupied bands then can be represented as the sum of EBRs: A 1g @1a ⊕ B 2g @1a ⊕ E g @1a. Among them, the 3d xybased EBR B 2g @1a has highest states at A, which may intersect with the chemical potential with hole doping. Second, the EBR B 1g @1a is clear shown by the weight of 3d x 2 −y 2 orbital. There is no doubt that this orbital contributes the largest Fermi surface. Third, the irrep GM1+ at Γ is from the 5d 3z 2 −r 2 -based EBR A 1g @1d. Lastly, the inverted irrep A3− is from the 5d xy -based ERB B 2g @1d. So far, all of the orbital compounds are consistent with the DFT calculations in Fig. 2(a) .
Next, we'd like to ask how to construct a minimal effective model to reproduce the bands near E F . Besides the EBR of B 1g @1a, the irreps of A3− and GM1+ can be included in the EBR of A 1g @1b. Therefore, our two-band model consists of two EBRs: B 1g @1a ⊕ A 1g @1b, which respects all the irreps near E F from the DFT calculations. Even through there is no actually atomic orbital at Wyckoff position 1b [0,0,0.5] (with the site symmetry group 4/mmm), it can be formed by the hybridization of the atomic orbitals from other sites in the compound. A two-band model will be constructed for the un-doped case in the following section.
Two-band effective model
The tight binding model under the basis of B 1g @1a and A 1g @1b can be contrusted as follows. Firstly the hopping terms between the same orbitals share the same form because the two Wyckoff positions have the same site group D 4h . Up to the farest hopping in one unitcell (1,1,1) , the diagonal terms in the TB Hamiltonian are
where α = 1, 2 represent the B 1g orbital at 1a (Ni 3d x 2 −y 2 ) and the A 1g orbital at 1b, respectively. t (x,y,z) βα is the hopping amplitude from orbital α sits on the original unitcell to β sits on the (x,y,z) cell, namely
The hopping between different orbitals contribute to the anti-diagonal terms, the nearest hopping gives
The next nearest hopping gives
Collecting all terms above, we can get the TB Hamiltonian as
The fitting results are shown in the Fig. 3 (c) and model parameters can be found in the SM. By doing the analysis of partial density of states of Ni-3d orbitals (shown in the Fig. 3(b) ), we found that 3d xy orbital has highest intensity near E F , compared to other 3d orbitals. Since the band inversion happens between the 3d xy states and 5d xy states at A, we modify our model by simply adding an additional 3d xy orbtial to capture the possible band inversion in the compound (See details of the three band model can be found in the SM). The fitting results are shown in Fig. 3(d) . An other four-band model constructed totally from the real atomic orbitals are presented in the SM also, in case anyone needs the real atomic orbitals to determine the interacting strength.
Ferromagnetic state in La3Ni2O6
Band topology can also be found in another members of the T tyep Ln n+1 Ni n O 2n+2 homologous series, for example the ferromagnetic state of n = 2 case La 3 Ni 2 O 6 . The z-oriented magnetic moments reduce the symmetry group from SG 139 to SG 87. There are also anti-crossing band structure formed by the La-5d xy and Ni-3d x 2 −y 2 . The 3d orbitals comes from both of the two Ni-O layers in the compound, while only from the La which sits in the middle of the two Ni-O layer. The anti-crossing of spin up and spin down channel forms two nodal lines on the k z = 0 plane protected by m 001 , and according to the parity formula in the system without time reversal, they are fully gapped along all high symmtry lines under SOC. The gapped system can well define some symmetry indicators. Without time reversal symmetry, SG 87 is characterized by Z 4 × Z 4 [19, 20] , which can be explained by the mirror Chern number on the k z = 0 plane. By using the C 4 eigenvalues [21] , we find that the Chern number for mirror eigenvalues +i sector and −i sector is 1 and -1, which may contribute a non-trivial edge states on the slab surface which preserves the m 001 symmetry. Note that the symmetry eigenvalue scheme can only diagonise the Chern number module 4, thus we can not decide the number of edge states from that. The band structures are shown in Fig. 4 CONCLUSION Based on our first-principles calculations, we find that, in the un-doped case, there are three EPs: a largest EP from Ni 3d x 2 −y 2 orbital, a small one at Γ from La 5d 3z 2 −r 2 orbital and a relatively bigger one at A from La 5d xy . These Fermi surfaces and symmetries can be reproduced by our two-band model, which consists of two elementary band representations: B 1g @1a ⊕ A 1g @1b. By hole doping, a hole pocket originating from Ni 3d xy orbital is growing at A, which may be related to the observed sign change of Hall coefficient. In the obtained band structure, there is a band inversion happened at A, which can be affected by the value of Coulomb interaction U in the calculations. With small U and spin-orbital coupling, it gives rise to a pair of Dirac points along A-M. By introducing an additional Ni 3d xy orbital, the holepocket band and the possible band inversion can be captured in the modified model. In addition, we show that the nontrivial band topology in the ferromagnetic twolayer compound La 3 Ni 2 O 6 is associated with Ni 3d x 2 −y 2 and La 5d xy orbitals. Note added. At the stage of finalising the present paper, we are aware of the similar works on nickelates [22] [23] [24] .
SUPPLEMENTARY MATERIAL A. The DFT calculation with different U values and different compounds
The band structure depends on the Coulomb interactions, which can be calculatd by using the LDA+U method implementated in VASP. Here we add the on-site interaction on Ni-3d orbitals from U = 1eV to U = 5eV to see how the band structure changes. The interaction do not change symmetrys, but the energy location of different orbitals may shift, and remove the anti-crossing structure which forms the Dirac points on the lower energy location. As shown in Fig. S1 , the lower Dirac points release degeneracy when U = 6eV. The occupatied bands under resulting gap form a trivial insulator because the band inversion is removed by the Coulomb interaction. The Dirac point in the higher energy location still survives along M-A. 
B. Three-band model
To capture the Dirac points in our model, another orbital, namely Ni-3d xy must be added. Sitting on the Wyckoff position 1a, the diagonal term in the Hamiltonian can also be representated as T 33 , with 3 stands for this orbital. The nearest non-zeor coulping between B 1g @1a and Ni-3d xy is N i 3 dxy (1, 1, 1 )|H|B 1g @1a , there are totally seven hopping terms under symmetry related to this term, in the k-space it can be written as
The coupling between A 1g @1b and Ni-3d xy can be written as
(1,0,0) 32
The total Hamiltonian have the following form The lattice of La and Ni form a NaCl structure with La atom sits on the center of Ni's cuboid. The space group G is P 4/mmm generated by inversion, C 4z , C 2x and C 2y .
We use Convention II in out model, which do not include the phase factor induced by the relative position of different atoms in one unitcell in the definition of Bloch-like basis functions. But for such a notation we must be careful when doing symmetry analysis. For example (1,0,0) transforms to (0,1,0) under C 4z when we consider the hopping from La to La or Ni to Ni, but in the Ni to La case, (1,0,0) transform to (-1,1,0) Hereafter, we use the following notation to represent the hopping amplitude from orbital a sits on the original unit cell to orbital b on (x, y, z) cell. 
where H is the Hamiltonian of the lattice system. Without the hopping between different terms, the hopping amplitudes have the same form for the four orbitals because La and Ni have the same lattice and share the same symmetry. The hopping amplitude is
r represents the lattice vectors in the TB cutting radius.
Gr represents all different kinds of vectors we can get when we act all the space group symmetry operations on r Now we consider the hopping between La d xy and Ni d x 2 −y 2 , which contribute to the Dirac point when the occupation number is 34. The nearest neighbor hopping between them is forbidden by C 2x and C 2y , for example
thus we consider the next nearst hopping, namely d xy (100)|H|d x 2 −y 2 . Under the space group, the (100) vector from Ni to La have 15 symmetry related hoppings, with the same or minus hopping amplitude, it can be seen that the hopping related by C 4 and m z have the same sign, with others have different sign, thus we have the following hopping term in k-space Hamiltonian
here, we use Rr to presents all different vectors generated by symmetry operation R and vector r The nearest non-zero hopping vector between La d xy to La d z 2 is (110) and three C 4z related vectors, and the hopping related by C 4 differ by a minus sign, thus the hopping is R = t 
Ni d xy and La d xy contribute to the lower Dirac point when the number of electron is 32, and the neareat non-zero hopping is from (000) and other seven hopping terms, both of them have the same sign
The hopping between Ni d x 2 −y 2 and La d z 2 have the similar form to the above term, expect that the minus sign are 
Collecting all terms above, we have the TB Hamiltonian as follows
The Hamiltonian above can describe the energy dispersion for one spin components. To include the effect of SOC, firstly we can extant the Hamiltonian as follows
now the eight basis are La-5d xy ↑, Ni-3d x 2 −y 2 ↑, La-5d z 2 ↑, Ni-3d xy ↑, La-5d xy ↓, Ni-3d x 2 −y 2 ↓, La-5d z 2 ↓, Ni-3d xy ↓. The small gap openen by SOC can along R-A-Z now can be added in the model once we include the hopping between different spin channels. There is no need to implement the full Hamiltonian if one only want to reproduce the band dispersion along the high symmetry lines. From the band structure and orbital analysis we can see that the energy interval between La-5d z 2 and Ni-3d xy is large enough, thus we can remove the V term safely. The nearest hopping between Ni-3d x 2 −y 2 and Ni-3d xy is (1,1,1) constrainted by symmetry, which can be ignored. The remained hopping parameters are listed in Table. S2.
D. ERB analysis for DFT bands with SOC
The irreps of the energy bands with SOC at maximal high-symmetry points are give in Table S3 . A Γ M R X Z A9(2) GM7(2) M7(2) Z6(2) R5(2) X5(2) A7(2) GM6(2) M6(2) Z7(2) R5(2) X5(2) A7(2) GM7(2) M7(2) Z6(2) R5(2) X5(2) A6(2) GM6(2) M6(2) Z7(2) R5(2) X5 (2) 
